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Abstract
This paper introduces a novel proof technique to show that

parallel or distributed programs exhibit confluent behaviour,

even when the execution of these programs is inherently

non-deterministic. The proposed method allows us to prove

the confluence of programs for which standard properties

such as strong confluence or commutativity of operations

do not hold. Our technique builds on a method to prove

the confluence of rewrite systems by de Bruijn, which we

first adapt and formalise in Rocq. This method can be seen

as a specialised induction principle for proving confluence.

The paper further considers how this induction principle

can be used in the context of programming languages. We

show how the proof method can be instantiated to establish

confluence conditions for programs in a small Actor-like

programming language and demonstrate the application of

the method to prove the confluence of a class of programs

that cannot be proven to have deterministic behaviour by

standard techniques.

CCS Concepts: • Theory of computation → Program
analysis; Logic and verification; Operational semantics.

Keywords: formalisation, programming language semantics,

deterministic behaviour, confluence
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1 Introduction
Parallel programs can be highly non-deterministic and pro-

duce a multitude of different executions. In order to reason

about such programs, non-determinism needs to be con-

trolled [36]. This paper introduces a novel semantic proof

method to show that parallel programs exhibit confluent be-

haviour, i.e., that the non-determinism in the parallel and

distributed computation is well-behaved in the sense that the

produced results are deterministic. Inspired by a confluence

proof for rewrite systems by de Bruijn [17, 19], the proposed

method expands on classical reduction techniques based

on commutative behaviour [18] by indexing the reductions

and authorising reductions of lower indexes when proving

commutativity. We show that the proposed method allows

us to prove the confluence of programs for which strong

confluence [33] does not apply. Specifically, we provide a

mechanisation in Rocq [40] of the soundness of de Bruijn’s

methodology and of its application to proving the confluence

of programs in a minimal Actor-like programming language.

1.1 Parallelism, Non-determinism and Races
While parallelism and distribution accelerate program ex-

ecution, they also introduce interference, asynchrony, and

non-determinism. Parallel programs exhibit data races, when

different processes access shared memory in different orders,

and communication races, when message delivery might oc-

cur in different orders [24]. These races make reasoning

about parallel programs intrinsically difficult, because the

races lead to an explosion in the possible program executions

and thereby to an explosion in the program’s reachable state

space. As programmers, we can tackle this problem either by

reducing the number of possible executions or by ensuring

that the different executions are equivalent.

When reducing the number of possible executions, we

tackle the state space explosion by ensuring that a program

contains enough synchronisation to restrict its behaviour, by

means of, e.g., lock patterns [4], transactional memory [28],

futures [7] and promises [38], combined with sophisticated
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verification techniques [16, 25, 41]. By adding synchronisa-

tion constructs to the parallel program, we effectively reduce

the number of possible program executions to a size that we

can handle. For example, binary locks can be used to protect

a critical region, introducing atomic blocks and thereby elim-

inating interference between threads executing in parallel.

This allows us to reason about the program by considering

the effect of the atomic blocks independently, using sequen-

tial reasoning techniques.

Parallel programming languages can provide libraries that

offer race-free (or “thread-safe”) constructs, such as hyper-

objects in Cilk [22] and asynchronous operations over parti-

tioned state spaces in X10 [12]. Actor languages [2, 5, 15, 27]

promise race-free computations by design. Although they

resolve data races, actor programs are still subject to commu-

nication races: the order in which messages are received by

an actor can introduce non-determinism. Actor languages

can be designed to resolve communication races and guar-

antee deterministic behaviour [11, 14, 26, 39], by restricting

their expressivity or their underlying computational model.

By ensuring that different executions are equivalent, we

need only consider some of the possible program executions

to understand the program’s behaviour. Program reductions,

first introduced by Lipton [37], allow us to reason about paral-

lel code as if it had atomic blocks by ensuring that a program

and its reduced version share behavioural properties of in-

terest. The underlying technique is based on commutativity

of program statements, and has many extensions; e.g., pu-

rity [21] allows procedures that leave the state invariant to

be considered commutative. When searching for reachability

properties, partial-order reduction (POR) techniques [1, 23]

prune the execution space by considering execution paths

modulo the reordering of commuting transitions.

1.2 Confluence: Beyond Commutativity
The correctness of the approaches discussed above relies

on an underlying analysis of program executions and their

confluence properties: Although the program execution may

well be non-deterministic, executions are equivalent in the

sense that they eventually reach the same state after further

execution. If two statements alter separate parts of memory,

they can obviously be executed in any order and we have

confluence by separation. If the statements alter overlapping

parts of memory, we say that the statements are commuting

and have confluence by commutativity if the corresponding

transitions exhibit the so-called diamond property [18] in the

underlying reduction system (i.e., the operational semantics

of the considered language): the two transitions, in either

order, still lead to the same state. Thus, the diamond property

is an instance of a confluence property.

In general, confluence properties are properties of rewrite

systems that express whether, when two rewrite rules can be

applied to a term, it is possible to obtain the same term again

by further rewrites. In other words, they express whether two

∗
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Figure 1. Relations between confluence properties.

different applications of rewrite rules are in conflict or not.

Confluence properties differ in the number of steps needed

to obtain the same term again after a diverging step. Figure 1

gives an overview of standard confluence properties, which

were systematised by Huet [33] (see also textbooks [6, 18]),

and situates the properties explored in this paper. In the fig-

ure, starred transitions indicate zero ormore applications of a

rewrite rule and dashed transitions indicate the steps needed

to recover. Furthermore, the properties are ordered in terms

of entailment. Diamond entails strong confluence, which in

turn entails weak confluence and confluence (or equivalently

Church Rosser); confluence entails local confluence. Local

confluence does not entail confluence and is in general in-

sufficient because, after a few diverging steps, the two terms

might never converge. In programming language semantics,

we often rely on a diamond property to ensure confluence,

it is indeed sufficient to recursively apply the diamond prop-

erty to prove confluence. Huet showed that we could relax

the strict one-step commutation of the diamond by allowing

one of the sides of the diagram to have several steps, but

only one side and this side cannot be chosen when doing

the proof. By symmetry, the critical pair must be closed both

by making a single step from the left side and a single step

from the right side. De Bruijn’s unpublished note [17, 19]

on weak diamond properties, which paved the way for proof

techniques based on decreasing diagrams [44], is weaker

than strong confluence, yet sufficient to prove confluence.

The weak diamond property is a generalisation of strong con-

fluence that introduces an induction on a label associated to
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each reduction. Confluence is generally the high-level prop-

erty that is desired; in concurrent programming it means

that the states resulting form all the possible concurrent ex-

ecutions are the same. Local confluence is rarely useful as

it does not entail confluence and in programming language

theory, controlling the execution to make a single step of

execution does not make sense in general.

1.3 Contributions
Data races in programming languages are typically shown to

be confluent by application of the diamond property [9]: for

example, using so-called left- or right-movers to reorder a

sequence of statements to normal form, thereby showing that

a race does not affect the final state of a program. In contrast,

communication races are generally solved by ensuring that

the behaviour is independent of message ordering or that

message ordering is deterministic [11, 39].

In this paper, we propose a proof method to show that a

program behaves deterministically even in the presence of

complex races. To this aim, we first mechanise the proof of

a generic confluence theorem that relies on a layered view

of the program semantics, namely de Bruijn’s weak diamond

property. We then identify conditions under which programs

with communication races are confluent, and formalise these

confluence properties for 𝜆act, a small actor-like calculus. In

short, our contributions are as follows:

• a fully mechanised proof of de Bruijn’s diagrammatic

proof method for confluence of abstract reduction sys-

tems (Sec. 3);

• an analysis of sufficient properties to apply de Bruijn’s

diagrammatic proof method for confluence of actor-

based programming languages (Sec. 4), based on a

small actor language 𝜆act; and

• a fully formalised demonstration of how the diagram-

matic method can be applied to prove confluence of

programs in 𝜆act (Sec. 5).

All our results are formalised in Rocq. Key definitions and

lemmas in the paper are directly hyperlinked using the Rocq

logo: .
1
We begin by discussing a motivating example and

the high-level overview of our results in Sec. 2.

2 Motivation
The proof technique we introduce is not intrinsically tied to

any specific programming paradigm. However, we illustrate

it on actor languages, where deterministic behaviour has

been extensively studied as a means to control the amount

of concurrent behaviours without completely preventing

them. There is a broad diversity in actor languages, but they

are typically characterised by the fact that each actor is a

computing entity that has exclusive access to its state, and

only interacts with others via messages. We consider here a

1
Artefact available at https://doi.org/10.5281/zenodo.17712651

1 ComputeF {
2 F(x) { // omitted
3 return e }
4 }
5 ComputeG {
6 G(x) { // omitted
7 return e }
8 }
9 Worker1 , Worker2 {
10 Work(n) {
11 // accumulates the sum F(1)+G(1) +...
12 // computed by computeF and computeG
13 a:= 0;
14 for i:= 1 to n {
15 x:= ComputeF.F(i);
16 a:= a+x;
17 x:= ComputeG.G(i);
18 a:= a+x;
19 };
20 return a }
21 }
22 Client1 {
23 Init() { x:= Worker1.Work (4); return x }
24 }
25 Client2 {
26 Init() { x:= Worker2.Work (3); return x }
27 }
28 Client3 {
29 Init() { x:= Worker1.Work (2); return x }
30 }

Figure 2. Motivating example.

programming paradigm where computing entities are inter-

nally single-threaded and interact by sending messages. In

such a computational model, the only concurrent operation

is the sending of a message to the same destination [11].

Generally, racy communications introduce nondetermin-

ism by allowing different orders in the reception of messages.

However, racy communications do not necessarily lead to

non-deterministic behaviour; notably, if the racy communi-

cations only involve pure processes, or if there is separation

of data between the racing processes. In this section, we

first illustrate our proof technique on a program for which

such deterministic behaviour can be expected, and stress

the subtlety of the underlying formal argument. Finally, we

formulate the class of properties we capture by our approach.

2.1 Motivating Example
Consider the program in Fig. 2, in which 7 computing enti-

ties are defined: ComputeF, ComputeG, Worker1, Client1, . . . .
In the example, each computing entity is declared in a style

inspired by object-oriented languages. The statement A.F(x)
requires the computing entity A to execute the code defined

in function F. We adopt a simplistic semantics: contrarily to

most actor languages, the computation is not asynchronous

and the invoker immediately waits for the result.

Let us have a closer look at the example. Three clients del-

egate work to a worker, taken among two available, in order

to compute the summation of a sequence of computations:

Client1 and Client3 call Worker1 (Lines 23 and 29), while

Client2 calls Worker2 (Line 26). The summation values are

https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/
https://doi.org/10.5281/zenodo.17712651
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*

Client 1 Client 2Client 3

Worker 1 Worker 2

Work(3)

ComputeF ComputeG

Work(2)

V1

Figure 3. A partial execution of the example: race condition

in red.

computed by invoking two methods F and G (Lines 15 and 17)
which are respectively defined in ComputeF and ComputeG,
whose computations are independent from each other.

Observe that racy communications occur when the two

workers call ComputeF (respectively ComputeG) simultane-

ously, or when Client1 and Client3 call Worker1 at the

same time. Consider a possible partial execution as follows:

1. The three concurrent clients call method Work on the

corresponding workers, Clients 1 and 3 are in a race

to call Worker1;
2. Worker2 starts its execution first, performing calls to F

and G, until the call to G(2) is being processed;
3. Client1 wins the race: Worker1 gets Work(4) sched-

uled before Work(2) .

The state of the execution at the end of (3) is depicted in

Fig. 3 (left), where the race condition is illustrated in red (the

bottom task is the first received). Indeed, a similar execution

exists where Client3 has won the race, and hence Work(2)
gets served before Work(4): let us refer to this alternate state
as (3’). In the figure, a client waiting for a result contains a

blue box, that becomes green with a value when the result is

received. We therefore consider the following questions: (i)

do both executions lead to the same result? (ii) how can we

formally prove that they do? (iii) can we establish sufficiently

general conditions to guarantee such confluence results?

Assuming an intuitive notion of purity for F and G, there
is little doubt that (i) should hold: it boils down to arguing

that “both executions of Work(2) and Work(4) commute.”

Proving so is however non-trivial: let us sketch why both

executions states (3) and (3’) can reduce to the same state. The

most straightforward way to reach the same configuration

starting from (3) (resp. (3’)) is illustrated in Fig. 3: First, serve

fully Work(4) (resp. Work(2))—doing so requires to finish the

current pending execution of G(2) to free computeG. We end

in the middle state, where the computed value 𝑣1 (resp. 𝑣1′) is
depicted in green. It remains to serve Work(2) (resp. Work(4)),
yielding 𝑣2 (resp. 𝑣2′): we end in the state in Fig. 3 (right),

and must argue why these are identical in both executions.

For this argument to hold, these states must indeed be

reachable: all intermediate computations must not diverge.

Furthermore, both the computed values and the resulting

global states must be identical. The internal state of a com-

puting entity, such as variable a, can differ by ensuring at

the language level that it is restored at each method call. We

formalise a sufficient condition of purity in Sec. 5.

Assuming an adequate notion of purity, we need to argue

that different interleavings of two executions of F and three

executions of G lead to the same state. While an ad hoc

proof is possible, we seek an expressive and systematic proof

technique. Such a technique should also account for some

extensions— there may be an arbitrary number of clients and

workers, and the workers (notably ComputeF and ComputeG)
may delegate work to further workers.

Unfortunately, techniques such as Huet’s strong conflu-

ence theorem [33] fall short here. Strong confluence gener-

alises the diamond property by leaving lenience for several

reductions on one side of the diagram when closing on a

critical pair (see Fig. 1). In the example however, we can only

close the critical pair by performing several computations on

each side of the diagram (for example 6 calls to F() and 7 calls
to G() must be performed in the scenario above). The classi-

cal trick, used in 𝜆-calculus [31], to rely on a more general

reduction rule does not seem applicable. We need a weaker

notion of confluence, and de Bruijn’s result on confluence of

indexed reduction systems enters the stage [17, 19].

This paper demonstrates how to capture a large class of

programs, encompassing our motivating example, for which

confluence can be proven using de Bruijn’s result. Further-

more, all results are mechanised in the Rocq proof assistant.

2.2 Problem Statement: Confluence Theorems
The fact that a stateless entity can be queried by several

entities in any order is common folklore. In this work, we in-

vestigate how to formally characterise and prove sound such

folklore, i.e., sufficient conditions for ensuring confluence.

The example above illustrates how confluence can be re-

trieved despite a very general setting: the host language as a

whole is imperative, and arbitrary delegation to dynamically-

computed threads can occur.

To characterise the configurations that make use of these

features, the theorems we prove assume that we know the

call graph between concurrent entities, i.e., which entity can

call which other entities at runtime (or that we have a static

approximation of this call graph). Namely, we prove two

theorems for determinacy:

Problem 1: Single server determinacy. Suppose that only
a single entity can be accessed by others, and that its methods

are pure in the sense that they terminate and leave the global

state unchanged—the corresponding call graph is depicted in

Fig. 11a. Then the program behaves deterministically.

Considering the situation in Fig. 3, this theorem would

be sufficient for clients directly delegating ComputeF and

ComputeG to a single server, bypassing in particular the work-
ers. It is nonetheless insufficient for the example as we have
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a non-trivial chain of stateless servers. It is however crucially

a chain, with no cycle that could introduce divergence de-

pending on the schedule. We illustrate this general acyclicity

constraint on the call graph in Fig. 11b. We prove determi-

nacy in this more general scenario:

Problem 2: Chain of servers determinacy. If the com-

puting entities of the program are organised into a set of clients

(that do not receive calls), and a set of pure servers that can all

be given an index so that a server only calls servers at lower

levels, and if methods are adequately pure, then the program

behaves deterministically.

We make precise the assumptions of this theorem, and

notably the one of purity, in Sec. 5.1.

2.3 Methodology
In the rest of the article, we explain how we get to a mecha-

nised proof in Rocq of the confluence for such an example.

We first mechanise de Bruijn’s theorem for arbitrary rewrit-

ing systems (Sec. 3, ). We then formalise 𝜆act (Sec. 4, ),

our minimalist actor calculus, and leverage de Bruijn’s result

to prove the determinacy of appropriate configurations of

𝜆act exhibiting a layered call graph (Sec. 5.3, ). To ease

discharging the semantic assumptions over the program’s

call graph, we prove correct a simple but sufficient analysis

( ). Finally, we are ready to prove the example confluent

by putting all ingredients together ( ).

3 Layered Confluence of Rewriting Systems
Setting aside the specifics of actors, let us first turn our at-

tention to the broader context of confluence for rewriting

systems. The core observation we make is that while Huet’s

strong confluence technique [33] falls short for the kind of

systems we consider, a generalisation due to de Bruijn in an

unpublished note [17], and revived in a modern presentation

by Endrullis and Klop [19], fits the bill perfectly.

In this section, we restate de Bruijn’s result, outline its

proof, and point out the adjustments that our Rocq formalisa-

tion led us to make. We refer to Endrullis and Klop [19] for a

more detailed exposition of the proof, and its generalisation

to abstract rewriting systems indexed by partial orders.

3.1 Preliminaries: Notations and Definitions
We consider an abstract rewriting system (ARS), i.e., a set

of objects 𝐴 equipped with a binary relation →⊆ 𝐴 × 𝐴.

We write→?
,→∗,←, and←∗ for respectively the reflexive

closure, the transitive closure, the inverse relation, and the

transitive closure of the inverse relation of→, and use similar

notations for other relations. We write the composition and

inclusion of relations in infix position, by respectively · and
⊆. Given an object 𝑎, we write 𝑎 ̸→ if there exists no element

𝑏 such that 𝑎 → 𝑏.

𝑎 𝑏

𝑐 ◦ ◦ 𝑑

𝛼

𝛼

∗≤𝛼

∗
<𝛼

?
𝛼

∗
<𝛼

Figure 4. 𝐷1 (𝛼): peaks

𝑐 𝛼← 𝑎 →𝛼 𝑏

𝑎 𝑏

𝑐 ◦ ◦ 𝑑

𝛽

𝛼

∗<𝛼

∗
<𝛽

?
𝛼

∗
<𝛼

Figure 5. 𝐷2 (𝛼, 𝛽): peaks
𝑐 𝛽← 𝑎 →𝛼 𝑏 (𝛽 < 𝛼)

In a rewriting system, confluence can be formalised as fol-

lows: two partial evaluations of a system can always further

reduce down to the same state.

Definition 3.1 (Confluence). A relation→⊆ 𝐴 ×𝐴 is con-

fluent if
∗← · →∗⊆→∗ · ∗←.

Jumping straight into a proof of confluence is a daring

approach: intuitively, the quantification over two arbitrarily

partial evaluations leaves too much leeway. One therefore

looks for sufficient conditions whose challenges consider a

pair of single steps of reduction, known as a peak. Figure 1

illustrates the most standard slice of this landscape. The

diamond property is an ideal situation: the system may stray

away from a step, but can immediately be reunified. Weaker

but still sufficient, Huet’s strong confluence allows for one side

to perform several steps to close the diagram. Interestingly,

giving such lenience to both sides, i.e., considering local

confluence, does not entail confluence [33].

As we have informally argued in Sec. 2.1, strong conflu-

ence does not hold for the systems we consider. We hence

turn our attention to a lesser known result from the liter-

ature: weak diamond entails confluence. The proof of this

result more specifically derives the Church Rosser property,

an equivalent characterisation of confluence.

3.2 Confluence fromWeak Diamond Property
De Bruijn’s intuition is to generalise Huet’s strong conflu-

ence proof, but over a stratified view of the ARS. At level 0,

one proves strong confluence of the corresponding subsys-

tem, while at subsequent levels, reductions at lower indices

can be used more liberally, almost as in local confluence.

Definition 3.2. An indexed ARS (iARS) (𝐴, (→𝛼 )𝛼∈𝐼 , <)
consists of a set of objects 𝐴, and a family (→𝛼 )𝛼∈𝐼 of rela-
tions→𝛼⊆ 𝐴 ×𝐴 indexed by some totally ordered set (𝐼 , <).
A standard ARS can be recovered as →≜

⋃
𝛼∈𝐼 →𝛼 .

Furthermore, we write →
<𝛽

(resp. →≤𝛽 ) for the relation⋃
𝛼<𝛽 →𝛼 (resp.

⋃
𝛼≤𝛽 →𝛼 ). We are now ready to state the

weak diamond property and its associated theorem.

Definition 3.3 (Weak diamond property). An indexed ARS

(𝐴, (→𝛼 )𝛼∈𝐼 , <) satisfies the weak diamond property if any

peak 𝑐 𝛼← 𝑎 →𝛼 𝑏 can be closed by Fig. 4, and any peak

𝑐 𝛽← 𝑎 →𝛼 𝑏, where 𝛽 < 𝛼 , can be closed by Fig. 5.

Theorem 3.4 (Weak diamond theorem [17, 19], ). If an
iARS satisfies the weak diamond property, then→ is confluent.

https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/amazing/amazing.v#L1489
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/lang.v#L1
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/layered.v#L3898
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/static.v#L772
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/three_layers_example.v#L527
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/amazing/amazing.v#L159
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/amazing/amazing.v#L1489
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Remark that for 𝛼 = 0, there are no diagrams 𝐷2 (𝛼, ·) to
be considered. Furthermore, 𝐷1 (𝛼) is the strong confluence

of →
0
. At higher layers, 𝐷1 (𝛼) is a strictly weaker proof

obligation than the strong confluence of→𝛼 : one can use

additional reductions at lower layers. For 𝐷2, one can think

of it as a weak form of commutativity of 𝛼 steps with steps

at lower layers.

Further remark that we made a minor adjustment to de

Bruijn’s original statement and proof: in both 𝐷1 and 𝐷2, we

allow for the bottom of the diagram to stutter by considering

the reflexive closure→?

𝛼 . This technical modification turns

out to be convenient in practice in order to conclude when

the considered peak is “fake” in the sense that 𝑏 = 𝑐 (espe-

cially when 𝑏 ̸→), or when it can be made equal by applying

rules living at lower levels.

Proof structure. Endrullis and Klop describe de Bruijn’s

proof as “truly amazing” ; indeed, the proof consists of a quite

beautiful and miraculous interlocking of diagrams, depicted

in Fig. 6 (our modified reflexive closures are marked in red).

The top of the figure shows the hypotheses of Theorem 3.4,

𝐷1 and 𝐷2, the remaining intermediate diagrams are intro-

duced during the proof. Arrows informally trace dependen-

cies between diagrams: these are successively proven by

reduction to a patchwork of previously established diagrams,

starting from the assumptions over 𝐷1 and 𝐷2. We define

𝐶𝑅(𝑚) to mean the indexed ARS is confluent (i.e., satisfies

Church Rosser) at level𝑚, and𝐶𝑅∗ (𝑚) to mean it is confluent

at all levels strictly below𝑚 (i.e. 𝐶𝑅(𝑘) for all 𝑘 < 𝑚).

At the two extremities of this dependency graph is Church

Rosser: more precisely, one proceeds by induction over𝑚 to

establish Church Rosser up to level𝑚; i.e., assuming𝐶𝑅∗ (𝑚),
we prove 𝐶𝑅(𝑚).

Adding optional steps. We refer to these variants with

the suffix “opt” as in D1opt. D1opt accounts for fake peaks.

The other optional relation is in 𝐷2; in fact, D2opt has been

used instead of 𝐷2 several times in [19], but not in the main

proof.

We show here that the proof can be adapted to these

optional steps. The adaptation is non-trivial, as the optional

steps in commutation diagrams add a lot of cases, but does

not change the overall structure of the proof. Note that a few

intermediate lemmas need more prerequisites, especially a

stronger induction. Indeed we need at several places to use

commuting diagrams for smaller indices to deal with the

cases when the optional step does not occur. For example,

we adapted the following lemma from [19]:

Lemma 3.9: Let𝑚 ∈ 𝐼 and assume 𝐷7(𝑚,𝑘) for
all 𝑘 < 𝑚. Then we have 𝐶𝑅(𝑚).

into a version that requires 𝐶𝑅∗ (𝑚) and 𝐷5 because of the

optional steps:

Lemma 3.5 (D7opt_Implies_CR, ).

∀𝑘, 𝑘 < 𝑚∧D7𝑜𝑝𝑡 (𝑚,𝑘)∧D5𝑜𝑝𝑡 (𝑚)∧𝐶𝑅∗ (𝑚) =⇒ 𝐶𝑅(𝑚) .

Appendix A illustrates one intricate step of the proof: the

proof of the lemma that allows us to obtain D7 from other

diagrams. It also illustrates how the optional steps require

additional hypotheses in the lemmas, and is used.

Recovering the original theorem. As the original the-
orem is a particular case of the optional variant, we also

prove that if D1 and D2 hold, then we also have confluence.

In practice we derive de Bruijn’s confluence theorem from

the one with optional steps, but we also did the de Bruijn

proof without the optional step directly ( ).

About the Rocq formalisation. The proof of the theorem
has been fully formalised in Rocq, we highlight here a few

points of interest.

Bugs. We identified a couple of minor mistakes in the orig-

inal proof, most of them inconsequential. The main sur-

prising mistake was this statement:

(→≤𝑚)∗ = (→∗<𝑚→𝑚→∗<𝑚)
which does not hold if there is no reduction of level exactly

𝑚 in the reduction on the left. Fortunately, the proofs could

be adapted with a case analysis.

Clarified case distinction. Many proofs require addi-

tional inductions than the original paper proofs (typically

on the length of a→∗), the Rocq proof clarifies such de-

tails.

Direct induction. We have reworked the proof of Theo-

rem 3.4 by reformulating the original proof by contradic-

tion on the lowest level not satisfying confluence into a

direct constructive proof by induction.

4 𝜆act: A Minimal Actor Language
This section introduces 𝜆act, a minimal actor language de-

signed to illustrate challenges that arise when proving the

confluence of communicating pure entities with dependen-

cies and FIFO service of requests, as discussed in Sec. 2.1.

Due to its minimalism, 𝜆act misses many features of real

actor languages: we discuss possible extensions in Sec. 6.1.

We first introduce the syntax of 𝜆act, then its semantics in

two layers: a labelled transition system for thread-local com-

putations, and a global transition system that synchronises

threads on the emitted labels.

4.1 Syntax
Figure 7 introduces the syntax of 𝜆act. Commands (c ∈ Comm)
are written in a standard, imperative core supporting it-

eration, sequence, and assignment. The particularity of

the language stands on the right hand side of the assign-

ment: additionally to evaluating pure computations, one may

call(t,m, 𝑣) in order to delegate the execution of method

m(𝑣) to thread t. The caller moves into a waiting state

wait(t) (in blue to emphasise this extended syntax is not part

of the source) until it receives the result of the computation.

https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/amazing/amazing.v#L1383
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/amazing/amazing.v#L1497
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Figure 6. The diagrams of de Bruijn’s proof; compared to [19] some steps are now optional (marked in red).

x, x𝑙 , x𝑔 ∈ Var t ∈ Tid
𝑣 ∈ V ::= t | n | b

e ∈ Expr ::= x𝑙 | x𝑔 | 𝑣 | 𝑜𝑝 e | e 𝑜𝑝 e

r ∈ Rhs ::= e | call(e,𝑚, e) | wait(t)
c ∈ Comm ::= skip | x:= r | c; c | while e do c

C ∈ C ::=M ⇀ (Comm × Var × Expr)
𝜌 ∈ Store ::= Var ⇀ V

𝜌𝑠 ∈ Stores ::= {𝐿 : Store;𝐺 : Store}
𝜎 ∈ State ::= {e : Comm; 𝜌𝑠 : Stores}
t𝑠𝑘 ∈ Task ::= (𝑏𝑜𝑑𝑦 : Comm, 𝜌𝑙 : Store, 𝑟𝑒𝑡 : Expr, 𝑠𝑟𝑐 : option Tid)

a ∈ Act ::= Idle | Running t𝑠𝑘 : Task

q ∈ Queue ::= list Task

𝛿 ∈ Thread ::= {q : Queue; a : Act; 𝜌𝑔 : Store}
Σ ∈ Conf ::= Tid ⇀ Thread

Figure 7. Static and dynamic configurations for 𝜆act ( ).

At runtime, a task (t𝑠𝑘 ∈ Task) is made of a body under

execution, a local store, the final return expression, and the id

of the thread that has delegated this task—or None for initial

threads, whose task has no source. A thread (𝛿 ∈ Thread)
consists of three components. Firstly, it has typically a task a

under focus—its activity is Running—unless it is waiting to
serve a new one—its activity is Idle. Secondly, it may have

been given other tasks: the ones not under focus are stored

in a FIFO queue q. Thirdly, it carries a global store 𝜌𝑔 , which

is not reset between task. Finally, a runtime configuration is

a finite map of threads, indexed by their id.

An initial program is therefore embedded into a configu-

ration made of threads, some of them initialised to an initial

command, the others left Idle. All the queues are empty.

We say that a thread is a server, and set isServer(𝑖) to true

for its thread id, if it has no initial command. We define an

initial global store for each thread.

4.2 Semantics
We equip 𝜆act with a small-step operational semantics split

into thread-local rules and global synchronisation rules.

Thread-local reduction is defined (Fig. 8) as a labelled

transition system between local configurations containing a

command, and the local and global stores. We omit the label

for silent steps, but note that the meta-variable 𝑙 can range

over such silent steps. Rules for sequence, iteration, and as-

signment of pure expressions are standard. An assignment

of a delegated computation via a call reduces to one in a

waiting state wait(𝑡) where t is the identity of the thread

executing the computation; this reduction furthermore ex-

hibits an emission label !(𝑣,m, t) registering that a request
for executingm(𝑣) has been sent to t. Finally, a waiting state

wait(𝑡) can be unlocked to a pure assignment to value 𝑣 ,

exhibiting a label ?(t, 𝑣) that synchronises the received value

https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/lang.v#L39
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JeK(𝜌𝑙 ,𝜌𝑔 ) = 𝑣

(x𝑙 := e, (𝜌𝑙 , 𝜌𝑔)) −→ (skip, (𝜌𝑙 [x𝑙 ← 𝑣], 𝜌𝑔))
JeK(𝜌𝑙 ,𝜌𝑔 ) = 𝑣

(x𝑔:= e, (𝜌𝑙 , 𝜌𝑔)) −→ (skip, (𝜌𝑙 , 𝜌𝑔 [x𝑔 ← 𝑣]))
(c1, 𝜌𝑠)

l−→ (c′
1
, 𝜌𝑠′)

(c1; c2, 𝜌𝑠)
l−→ (c′

1
; c2, 𝜌𝑠

′)

(skip; c2, 𝜌𝑠) −→ (c2, 𝜌𝑠)
JeK(𝜌𝑠 ) = true

(while e do c, 𝜌𝑠) −→ (c; while e do c, 𝜌𝑠)
JeK(𝜌𝑠 ) = false

(while e do c, 𝜌𝑠) −→ (skip, 𝜌𝑠)

Je𝑡 K(𝜌𝑠 ) = t Je𝑣K(𝜌𝑠 ) = 𝑣

(x:= call(e𝑡 ,m, e𝑣), 𝜌𝑠)
!(𝑣,m,t )
−−−−−→ (x:= wait(𝑡), 𝜌𝑠) (x:= wait(𝑡), 𝜌𝑠)

?(t,𝑣)
−−−−→ (x:= 𝑣, 𝜌𝑠)

Figure 8. Dynamics: process-local rules ( ).

ΣLi Ms = (c, (𝜌𝑙 , 𝜌𝑔)), if Σ(i) = {𝑞, Running(c, 𝜌𝑙 , 𝑒, o𝑝𝑡), 𝜌𝑔}
ΣLi Mq = q, if Σ(i) = {q, a, 𝜌𝑔}

Σ[i s⇐ (c, (𝜌𝑙 , 𝜌𝑔))] = Σ[i← {q, Running(c, 𝜌𝑙 , 𝑒, o𝑝𝑡), 𝜌𝑔}],
if Σ(i) = {q, Running(c′, 𝜌 ′

𝑙
, 𝑒, o𝑝𝑡), 𝜌 ′𝑔}

Σ[i
q

⇐ q] = Σ[i← {q, a, 𝜌𝑔}], if Σ(i) = {q′, a, 𝜌𝑔}

Σ[i a⇐ a] = Σ[i← {q, a, 𝜌𝑔}], if Σ(i) = {q, a′, 𝜌𝑔}

Figure 9. Getter and setter notation for threads.

with the thread that replies with this value. These labels are

used to synchronise within the global semantics.

Before defining the global semantics, we introduce some

notation for ease of presentation. Firstly, the getter nota-

tions ΣLi Ms, ΣLi Mq retrieves the local state (command and

local/global stores) and the queue of thread i, respectively.

Secondly, the setter notations Σ[i s⇐ 𝜎], Σ[i
q

⇐ q], Σ[i a⇐ a]
update the local state, queue, and activity of thread i, respec-

tively, with the values 𝜎 , q, and a. Formal definitions of both

getter and setter notations can be found in Fig. 9.

The global semantics (Fig. 10) comprises four rules. Rule

Loc allows any thread to perform a local computation in its

focused task, where locality is characterised by the absence of

a label on the thread-local reduction considered. Rule Call

performs a call if the local computation at thread i emits

!(𝑣,m, j). The local state of i is updated, and a new task is

added to the queue of callee thread j. Note that this new task

comes with a local state mapping x to the value emitted at i.

Conversely, rule Get synchronises the return of values. If

thread i has completed a task destined for thread j and ΣLj Ms
can progress by ?(i, 𝑣), then i is set to Idle and j takes its

receive step. Finally, a thread in an Idle state can pop its

queue to put a new task under focus using rule Serve.

Each of these transitions emits a label identifying the pro-

cesses involved. We use these labels in Sec. 5 to create an in-

dexed ARS. Note that these global labels have no semantics—

we can safely erase them to obtain an unlabelled semantics.

Loc

ΣLi Ms −→ 𝜎 ′

Σ
Loc(𝑖 )
−−−−−→ Σ[i s⇐ 𝜎 ′]

Call

ΣLi Ms
!(𝑣,m,j)
−−−−−→ 𝜎 ′𝑖 C(𝑚) = (c, x, e)

Σ
Call(i,j)
−−−−−−→ Σ[i s⇐ 𝜎 ′𝑖 ] [j

q

⇐ ΣLi Mq :: (𝑐, {𝑥 ↦→ 𝑣}, e, i)]

Get

Σ(i) = {𝑞, Running(skip, 𝜌 i
𝑙
, e𝑖 , Some j), 𝜌 i𝑔}

Je𝑖K(𝜌 i
𝑙
,𝜌 i𝑔 ) = 𝑣 ΣLj Ms

?(i,𝑣)
−−−−→ 𝜎 ′𝑗

Σ
Get(j,i)
−−−−−→ Σ[i a⇐ Idle] [j s⇐ 𝜎 ′𝑗 ]

Serve

Σ(i) = {t𝑠𝑘 :: 𝑞, Idle, 𝜌𝑔}

Σ
Pop(i)
−−−−−→ Σ[i← {𝑞, Running t𝑠𝑘, 𝜌𝑔}]

Figure 10. Dynamics: interleaving semantics ( ).

4.3 Generic Properties of 𝜆act
We collect below generic properties of 𝜆act that are useful

for the proof of confluence introduced in Sec. 5.

We first define two relations between threads and tasks.

We say that a thread t has a task for thread i if there is a task

with destination 𝑖 in t’s queue, or being processed by t. We

say that thread i is waiting for thread t if the next local step

of i consists of performing a get operation from t.

Lemma 4.1 (Queue invariant, ). Thread i is waiting for
thread j if and only if thread j has a task for thread i. Thus, if

a thread is not waiting, then no thread has a task for it.

Proof. We show that the invariant holds for all states reach-

able from an initial well-formed state, by induction on the

reduction. The proof is not difficult, but relies on a large

number of stability results. □

Secondly, our language is inspired by actor-like languages

and as such each thread has a single current task, and thus

https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/lang.v#L301
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/lang.v#L371
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/lang_invariants.v#L1984
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features local determinacy. In practice, determinacy com-

prises a collection of lemmas that, taken together, show that

except the value fetched by a get operation, the local be-

haviour is fully deterministic. As an illustrative example,

consider the following state determinacy lemma.

Lemma 4.2 (Local determinism, ). Local reduction is a

deterministic LTS.

𝜎
𝑙−→ 𝜎 ′ ∧ 𝜎 𝑙−→ 𝜎 ′′ =⇒ 𝜎 ′ = 𝜎 ′′

Finally, we characterise when certain reductions may com-

mute with other operations, particularly with operations that

manipulate the queue of tasks. This theorem will allow us to

prove commutativity between certain reduction steps when

proving confluence. We illustrate one concrete example, and

will refer them as needed in Sec. 5.

Lemma 4.3 (Step and push, ). If a configuration can make

a non-call step leading to a configuration in which a thread

has a non-empty queue, then it could also take this reduction

if we pop the top task from this queue, i.e.:

Σ𝑞
𝑙−→ Σ′ [i

q

⇐ Σ′Li Mq :: tsk] ∧ 𝑙 is not call

=⇒ ∃Σ,
(
Σ

𝑙−→ Σ′ ∧ Σ𝑞 = Σ[i
q

⇐ ΣLi Mq :: tsk]
)

We are now ready to turn to the proof of confluence.

5 On the Confluence of 𝜆act
In this section we prove confluence results for the two classes

of 𝜆act programs that have been identified in Sec. 2.2. We first

define some hypotheses that are required for both classes

of programs, then for each class of problems we construct

an appropriately indexed ARS, establish some key lemmas,

and finally apply de Bruijn’s theorem by constructing the

necessary diagrams. Sec. B provides a few technical details

on the Rocq formalisation of the confluence proofs.

5.1 Setting up the Proofs
Call graph. We use call graphs to reason on the commu-

nication patterns between threads and identify the classes

of programs we want to prove confluent. Call graphs can be

safely approximated by static means, so this is a constraint

that we can reasonably check.

Definition 5.1 (Call graph, ). Given an initial state Σ0, the

call graph𝐺Σ0 is the directed graph with vertices dom(Σ0) —
the process ids — and if there exists an execution from Σ0 in

which 𝑖 makes a call to 𝑗 then there is an edge (𝑖, 𝑗).
Firstly, we consider programs in which a single server

processes tasks for a number of clients.

Hypothesis 1 (Single server, ). In this scenario, the clients

may not communicate between each other, and the server may

not make further calls to compute its results. This is formalised

as follows: There is a single thread with id ts such that

(𝑖, 𝑗) ∈ 𝐺Σ0 =⇒ 𝑗 = 𝑡𝑠 ∧ isServer(ts).

𝑝0 𝑝1 𝑝2 𝑝𝑛· · ·

server

(a) Single server call graph

𝑝𝑛−1 𝑝𝑛−1 𝑝𝑛−1 𝑝𝑛−1

𝑝𝑛 𝑝𝑛 𝑝𝑛 𝑝𝑛

𝑝0 𝑝0 𝑝0 𝑝0· · ·

· · ·

· · ·

...
...

...
...

(b) 𝑛-layered call graph

Figure 11. Classes of 𝜆act programs

Hypothesis 1 results in a call graph such as the one shown

in Fig. 11a. These requirements can be statically enforced

by designating one initially idle node as the server, making

sure that only this node is called by initial computations, and

ensuring that no task contain further method calls.

Secondly, we consider a generalisation in which each pro-

cess is given a level and may only make calls to processes of

strictly lower levels.

Hypothesis 2 (Layered call graph, ). In this scenario, a

set of clients send tasks to any number of servers, which may

make further calls to complete their tasks, but there can be no

cycle in the call graph of servers. This is formalised as follows:

there is a function layer and an integer top such that

((𝑖, 𝑗) ∈ 𝐺Σ0 =⇒ layer( 𝑗) < layer(𝑖))
∧ (layer(𝑖) < top =⇒ isServer(𝑖)).

Hypothesis 2 results in a call graph such as the one shown

in Fig. 11b, possibly with fewer edges and vertices. This

means we can associate a “level” to each thread so that each

client is at the maximal level, and each call is made towards

a server of a lower level.

In both cases, there is some non-determinism in the order

in which the tasks are processed by the servers. Since the

tasks may be stateful, the order could change the answers

returned to the clients — consider for example a get and

increment method on the same variable. We thus further

constrain the programs with a purity requirement.

Purity. In principle, each method may arbitrarily change

the server state, making any sort of confluence untenable.

We could consider only completely pure methods that never

assign a variable, but that would be very restrictive. Instead

https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/lang_theory.v#L637
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/lang_theory.v#L586
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/call_graph.v#L18
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/single_server.v#L97
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/layered.v#L69
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we consider methods that may utilise the server state, but

always clean up after themselves. For methods that make

no calls, purity is directly expressed by taking the transitive

closure of local rules. This is sufficient for the single server

case (as the server never calls another actor).

Hypothesis 3 (Pure methods, ). In this scenario, all meth-

ods in a class 𝐶 reduce with a finite sequence of local rules,

after these steps, the global state of the node is the same as

at the beginning of the method. Formally, if C (𝑚) = (c, x, e),
then for any local state (c, (𝜌𝑙 , 𝜌𝑔)) there exists a store 𝜌 ′𝑙 such
that (c, (𝜌𝑙 , 𝜌𝑔)) →∗ (skip, (𝜌 ′𝑙 , 𝜌𝑔)).
This hypothesis also ensures that all methods terminate.

Note that these methods can utilise local variables that are

not constrained by purity to compute a result or modify

global variables and restore them afterwards.

In the case of the 𝑛-layered call graph, this hypothesis

needs to be generalised as the server makes non-local steps.

We instead require that for all calls and replies that the server

is involved in, it always reaches the same global state. This

cannot be simply expressed by reachability of a final step

as several possible executions (depending on the replies re-

ceived) must be considered. The quantification on traces is

thus a bit tricky; we express it as an inductive definition

that takes as parameter the target global state that must be

reached by the reduction when the task is finished.

Hypothesis 4 (Pure methods with calls, ). We define a

predicate b𝑖𝑔𝑠𝑡𝑒𝑝 inductively as follows

• if the computation is finished, we reached the target global

state: b𝑖𝑔𝑠𝑡𝑒𝑝 (skip, (𝜌𝑙 , 𝜌𝑔)) = 𝜌𝑔.

• if we do a local step, it reduces to a state that will reach the

target global state:

b𝑖𝑔𝑠𝑡𝑒𝑝 (c′, (𝜌 ′
𝑙
, 𝜌 ′𝑔)) = 𝜌 ′′𝑔 ∧ (c, (𝜌𝑙 , 𝜌𝑔)) → (c′, (𝜌 ′𝑙 , 𝜌

′
𝑔))

=⇒ b𝑖𝑔𝑠𝑡𝑒𝑝 (c, (𝜌𝑙 , 𝜌𝑔)) = 𝜌 ′′𝑔

• if we perform a call, it will be followed by a get (by definition

of the semantics) and whatever value is obtained by the get

we reduce to a state that will reach the target global state.

b𝑖𝑔𝑠𝑡𝑒𝑝 (c′′, (𝜌2
𝑙
, 𝜌2𝑔)) = 𝜌 ′′𝑔 ∧

(c, (𝜌𝑙 , 𝜌𝑔))
Call(i,j)
−−−−−−→ (c′, (𝜌1

𝑙
, 𝜌1𝑔)) ∧

(c′, (𝜌1
𝑙
, 𝜌1𝑔))

Get(i,j)
−−−−−→ (c′′, (𝜌2

𝑙
, 𝜌2𝑔))

=⇒ b𝑖𝑔𝑠𝑡𝑒𝑝 (c, (𝜌𝑙 , 𝜌𝑔)) = 𝜌 ′′𝑔

All methods in 𝐶 verify the above predicate with the target

global state equal to the initial one. If C (𝑚) = (c, x, e), then for
any local state (c, (𝜌𝑙 , 𝜌𝑔)), we have b𝑖𝑔𝑠𝑡𝑒𝑝 (c, (𝜌𝑙 , 𝜌𝑔)) = 𝜌𝑔.

Note that this allows the function to return a different

result depending on the value returned by a called function

but not to store this value in its global state.

Assuming both call graph and purity hypotheses we can

prove the two confluence theorems, solving the two problems

presented in Sec. 2.2.

Confluence theorems for 𝜆act. In the rest of this section

we prove confluence for the two classes of programs.

Theorem 5.2 (Confluence). Provided all the methods that

are called are pure, 𝜆act-programs with call graphs like the

ones depicted in Fig. 11 are confluent.

The proof employs de Bruijn’s theorem. We detail the

proof of the single server case before discussing the general-

isations necessary for the 𝑛-layered case.

To apply de Bruijn’s theorem, we need an indexed ARS.

Given a labelled transition system we equip it with an order

(𝐼 , <) by defining a function L from labels to 𝐼 , giving a step

labelled by 𝑙 the index L(𝑙). In our case we assign an index

to the labels of transitions in Fig. 10, defining an indexed

ARS for which we prove de Bruijn’s commuting diagrams.

5.2 Problem 1: Determinacy for Single Server
Single server programs have call graphs like the one in

Fig. 11a. We define an ARS for them as follows. Note that,

because of the single server hypothesis all calls are made to

the server and all results are returned from the server.

Definition 5.3 (Sss, ). Given a dedicated server node 𝑠 ,

the two-level ARS Sss is 𝜆act equipped with the order 0 < 1

and assigning a level to each transition as follows:

L(Get(i, j)) = 0 L(Call(i, j)) = 1 L(Pop(i)) = 0

L(Loc(i)) =
{
0, if i = 𝑠

1, otherwise

Before applying de Bruijn’s proof, we make two important

observations about this setup. First, Theorem 4.1 implies that,

if a thread is not waiting, there is no task for it in the server.

Second, it is always possible to reach a state where the server

is idle and its queue is empty. In fact we need a variant of this

property that leaves two requests in the queue, as follows:

Lemma 5.4 (Flushing, ). Consider the configuration where

the server’s queue is 𝑄 :: t𝑠𝑘1 :: t𝑠𝑘2, it is always possi-

ble to reach a state where the server is idle and its queue is

reduced to t𝑠𝑘1 :: t𝑠𝑘2. This flushing does not change any

non-waiting threads. Furthermore, the similar configuration

where the queue is 𝑄 :: t𝑠𝑘2 :: t𝑠𝑘1 reduces to the same state

except the remaining queue is t𝑠𝑘2 :: t𝑠𝑘1.

This lemma is necessary in the case where two tasks have

been triggered concurrently. Hence:

Lemma 5.5 ( ). The 𝐷1 diagrams for Sss can all be closed.

Proof. Since there are two levels, we need 𝐷 (0) and 𝐷 (1).
At level 0 things are (relatively) simple and we close all the

diagrams by determinism of the local semantics (the proof

indirectly relies on Theorem 4.2 and other similar lemmas).

At level 1, the critical pair is Call/Call. We use our two

observations to close it by:

https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/single_server.v#L55
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/purity_with_calls.v#L87
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/single_server.v#L105
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/single_server.v#L879
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/single_server.v#L1030
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𝜎

push 𝜎 m1 push 𝜎 m2

push 𝜎 m1;m2 push 𝜎 m2;m1

push flushed_𝜎 m1;m2 push flushed_𝜎 m2;m1

𝜎𝑓

call m1

call m2

∗

∗

call m2

call m1

∗

∗

steple_and_push_trc

flush_all_but_2

push flushed_𝜎 m1;m2 push flushed_𝜎 m2;m1

push m1_computed m2 push m2_computed m1

𝜎𝑓

∗

∗

∗

∗

push_rcv_trc

commute_requests

Figure 12. Overview of the proof

1. flushing the server,

2. processing the received task and return the result,

3. receiving the second task (it takes some work to show

that we can still receive it after processing the first),

4. processing the second task and returning the result.

It remains to show that the final configurations are the same.

This basically follows from Hyp. 3. □

Lemma 5.6 ( ). The 𝐷2 diagrams for Sss can all be closed.

Proof. Straightforward, since only one edge can be a call. □

From𝐷1 and 𝐷2 diagrams, we can apply de Bruijn’s theorem:

Theorem 5.7 ( ). Sss is confluent.

5.3 Problem 2: Determinacy for Layered Servers
We now study a more complex family of programs. We con-

sider a top layer of clients sending tasks to an arbitrarily

deep connected structure of servers as illustrated in Fig. 11b.

Definition 5.8 (Slayered, ). Given a depth𝑛, the semantics

of programs satisfying Hyp. 2 are defined by first assigning

each node a level using lvl : Tid→ {0..𝑛}; and then creating

an iARS by assigning the following level to each transition,

depending on its label:

L(Get(i, j)) = lvl(j) L(Call(i, j)) = lvl(i)

L(Pop(i)) = lvl(i) L(Loc(i)) = lvl(i)
Additionally we require that each node 𝑖 whose level is

strictly below 𝑛 be initially empty and idle.

The principle of the proof is the same as before: we show

that all diagrams of the forms 𝐷1 (𝑛) and 𝐷2 (𝑛, 𝑘) with 𝑘 < 𝑛

can be closed by considering each case. Once again the most

interesting case is Call/Callwhichwe close by, (1) receiving

the second task; (2) flushing the task queue of every thread

below the callee in the diagram, plus flushing the callee

apart from the two tasks; and (3) processing both tasks. We

perform these steps on the two cases, depending on which

call is performed first and must guarantee that the steps are

done similarly to ensure that we reach the same final state.

Purity of methods (Hyp. 4) plays of course a crucial role in

these proofs. The Call/Call commutation is illustrated in

Fig. 12. Step (1) is trivial, we review the other steps below.

The theorems detailed below are only valid under the

constraint that the involved configurations are reachable

from the initial state, ensuring their well-formedness and

the fact that methods are pure and the call graph is layered.

Compared to Problem 1, flushing, i.e., step (2), is more

difficult since the callee may make arbitrarily many calls of

its own. Flushing heremeans picking a level and constraining

the execution until every process below it is empty and idle.

This gives us a “clean” initial state for further computations.

Lemma 5.9 (𝑛-layer flushing, ). Given a level 𝑘 < 𝑛 and

a configuration Σ, there exists a configuration Σ′ such that

Σ→∗ Σ′ and each thread 𝑖 with lvl(𝑖) ≤ 𝑘 is idle and has an

empty queue.

Proof. By induction on𝑘 . For𝑘 = 0, it suffices to show that an

arbitrary process of level 0 can become idle and empty. Since

the level is smaller than 𝑛, the process must be a server and

any ongoing work is the result of a method call. If the process

is working on a task, the task is terminating by Hyp. 4. On

level 0 there can be no calls, so the computation reaches

skip with only local steps. We then return the answer to the

waiting process, which is guaranteed to exist by Theorem 4.1.

If the process is idle but its queue is non-empty, we pop the

top task and proceed as before.

The inductive case is similar, where the computation may

now make calls of its own: the induction hypothesis guaran-

tees that the callee can be flushed and return an answer. □

A variant of the lemma allows us to flush all the threads

except two tasks of a given thread ( ). Indeed, step (2) of the

main proof requires to flush everything except the two tasks

concerned by the Call/Call conflict. After flushing one side,

we use the following lemma to ensure that the other side of

the conflict can be flushed the same way.

https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/single_server.v#L1060
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/single_server.v#L1121
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/layered.v#L74
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/layered.v#L2259
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/layered.v#L2947
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Lemma 5.10 (Queue order invariance, ). Consider two
well-formed configurations Σ, Σ′, a thread identifier i and tasks
t𝑠𝑘1, t𝑠𝑘2 such that the configurations differ only in the or-

der the tasks are pushed to i, i.e., ΣLi Mq = q :: t𝑠𝑘1 :: t𝑠𝑘2
and Σ′Li Mq = q :: t𝑠𝑘2 :: t𝑠𝑘1. If there exists an execution

Σ→∗≤lvl(i) Σ𝑓 with Σ𝑓 Li Mq = q :: t𝑠𝑘1 :: t𝑠𝑘2, then there is

also an execution Σ′ →∗≤lvl(i) Σ
′
𝑓
such that Σ𝑓 , Σ

′
𝑓
differ only in

the order of the tasks pushed to i, i.e., Σ′
𝑓
Li Mq = q :: t𝑠𝑘2 :: t𝑠𝑘1.

Proof. By induction on the execution. The proof mostly relies

on Theorem 4.3, lifted to the iARS Slayered instead of the

original reduction and to two tasks at the same time. □

Having flushed every task before the two conflicting tasks

and any process below them, we can show that the two

methods left in the queue commute, corresponding to step (3).

This important result is captured by the following lemma.

Lemma 5.11 (Requests commute, ). Given two

well-formed configuration Σ, Σ′ and tasks t𝑠𝑘1, t𝑠𝑘2 with

src(t𝑠𝑘1) = 𝑗1, src(t𝑠𝑘2) = 𝑗2 such that process 𝑖 is idle in both,

queue(Σ(𝑖)) = [t𝑠𝑘1, t𝑠𝑘2], queue(Σ′ (𝑖)) = [t𝑠𝑘2, t𝑠𝑘1], and
both configurations are flushed below lvl(𝑖); there exists a

configuration Σ𝑓 such that Σ→∗ Σ𝑓 , Σ→∗ Σ𝑓 , Σ𝑓 (𝑖) is idle
and empty, and 𝑗1, 𝑗2 have received answers in Σ𝑓 .

Proof. By Theorem 4.1 we know that 𝑗1, 𝑗2 ∈ dom(Σ) and
both are waiting, and by Hyp. 4, body(t𝑠𝑘1) and body(t𝑠𝑘2)
can be computed without changing the state of 𝑖 . Thus we

can pop the tasks in order, compute a return value for both

tasks and return them to 𝑗1, 𝑗2.

However, to guarantee that the two executions are indeed

the same we need to prove commutativity of the whole re-

quest computation. Because of purity, we observe that the

only difference in the configuration state between before

and after the treatment of a task is one value answered and

one less request in the queue, we thus rely on the following

additional lemma to ensure that task treatment commute.

Lemma 5.12 (Push-receive invariance, ). Consider three
reachable configurations Σ𝑡 , Σ𝑟 and Σ𝑙 so that there is an

execution from Σ𝑡 to Σ𝑟 at the level of process 𝑖 (processing𝑚1).

Suppose additionally that Σ𝑙 is Σ𝑡 where one task has been

popped from the queue of process 𝑖 and a reply has been sent

from process 𝑖 to a process 𝑘 (of higher level), i.e., another

method𝑚2 has been processed when going from Σ𝑡 to Σ𝑙 . Then,
there is an execution from Σ𝑙 to Σ𝑏 at the level of process 𝑖

(processing 𝑚1) where Σ𝑏 is Σ𝑟 with one request less in the

queue of process 𝑖 and a reply sent from process 𝑖 to process 𝑘 .

This lemma follows from the purity of methods (Hyp. 4).

By applying it twice, we prove that a configuration exists

that is reachable from both sides of the conflicting calls. □

We now prove confluence for all systems of layered

servers.

Theorem 5.13 ( ). Slayered is confluent.

Checking the layering statically. We have encoded the

motivating example from Fig. 2 in 𝜆act ( ) and proved it

confluent by applying Theorem 5.13. To discharge the theo-

rem’s hypothesis, we need in particular to index the threads

involved and prove that the call graph is layered w.r.t. this

index. However, the call graph is a semantic notion, quan-

tifying over all reachable state. We hence provide a simple

illustrative static analysis to over-approximate it ( ).

The analysis assumes that all work is delegated to con-

stant thread identifiers, otherwise it fails. To avoid having to

compute a fixpoint, it takes as argument a user-provided

oracle mapping each thread 𝑖 to a set of methods over-

approximating those that 𝑖 may have to process during the

execution. It then computes an over-approximation of the

call graph, as captured by its soundness theorem ( ). In par-

ticular, checking that the result of the analysis is layered is

sufficient to prove that the call graph is layered ( ). Finally,

we prove confluence for the example in Fig. 2 ( ).

6 Discussion and Related Work
In this section we briefly discuss language features that are

missing for a fully-fledged language, and some related work.

6.1 Language Extensions
𝜆act exhibits a small actor language core to facilitate the ex-

position of confluence proofs. We here consider three natural

extensions, and the challenges they pose for our results.

Thread creation: It is straightforward to extend 𝜆act with

thread creation, but the confluence theorems would re-

quire to reason on an abstraction of runtime threads which

is not the scope of this paper; this is a problem of static

analysis of processes, not of confluence.

Futures: To have more asynchrony and parallelism, we

could use futures instead of actively waiting on calls. Such

an extension however complicates the necessary notion

of call-graph, and constitutes future work.

Confluence modulo equivalence: The notion of conflu-

ence we establish ensures that the diagrams are closed

w.r.t. equal configurations, which may break for instance

in presence of the generation of fresh identifiers. We have

extended our results to work w.r.t. an arbitrary equiva-

lence relation, but did not need it for 𝜆act.

6.2 Related Work
Determinism in programming languages has been studied

previously. For example, Kahn process networks [34] already

featured deterministic behaviour in a concurrent setting,

with well identified computing entities. Several works try

to control determinism to identify which parts of a program

are deterministic or not. A recent survey [24] of different

language-based techniques overviews partially deterministic

languages that behave deterministically under given condi-

tions, or for which sufficient properties have been formally

https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/layered.v#L1050
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/layered.v#L3116
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/layered.v#L1382
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/layered.v#L3885
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/three_layers_example.v#L27
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/static.v#L17
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/static.v#L772
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/static.v#L792
https://gitlab.inria.fr/yzakowsk/layers-of-confluence/-/blob/cpp/theories/example/three_layers_example.v#L527
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identified to ensure deterministic behaviour. Characterisa-

tions of such deterministic features are useful in many set-

tings; for example, they identify when a recorded trace can

be used to replay executions from minimally recorded data,

e.g., for fault tolerance or debugging [8, 13, 43].

One particular application area for (partially) determinis-

tic properties is actors and active objects [2, 7, 15]. Actors

are single-threaded entities that communicate with others

by asynchronous message sending. Actors access distinct

memory locations, which prevents data races. The only rea-

son an actor’s internal behaviour may not be deterministic

is due to message ordering (e.g., conflicting messages or non-

FIFO mailbox usage) or when a time-dependent condition,

such as the presence of a message in a queue or the end

of a computation, is checked. Determinism in this setting

was first formalised in the ASP (Asynchronous Sequential

Processes) language [10, 11], and later revisited [29] to ac-

count for cooperative scheduling and provide a type system

that ensures determinism. Lohstroh and Lee [39] proposed a

deterministic actor language. The key ingredient for deter-

minism is the logical timing of messages based on a protocol

which combines physical and logical timing. The solution

relies on messages with timestamps and providing a deter-

ministic order for identical timestamps. We are not aware

of a formal proof of correctness of the scheduling protocol;

in fact, formalising conditions of confluence in this setting

could allow for more asynchrony or stronger scheduling

results. In the original Actor paradigms [2, 7] imperative

aspects were provided as a become statement that changes

the reaction to messages. While identifying purity based on

the become statement can be specified, both informal and

static identification of purity for such actors seems difficult.

The other actor features are creation, discussed above, and

sending messages, which is at the core of our model.

Partial order reduction (POR) [23] reasons about concur-

rent programs by a reduction based on commuting steps. The

aim is to identify classes of equivalent interleavings up to

commutativity, and then only consider one representative

of each class. POR for actors has been extensively studied

for program testing (e.g., [3, 42]). While both POR and our

approach identify pairs of commuting steps to enable sim-

pler analysis of concurrent programs, both the methods and

goals differ. Research on POR focuses on providing algo-

rithms to reduce the state space for different analysis tasks,

while we seek to provide mechanised proofs of completely

deterministic behaviour for constrained classes of programs.

Recently, Farzan et al. [20] introduced stratified commutativ-

ity, in which commutativity relations are layered. Despite

a resemblance to our methods, their approach indexes com-

mutativity relations rather than steps of program behaviour.

The IsaFoR
2
library contains Isabelle/HOL formalisations

of several confluence criteria in the setting of term rewriting

2
Isabelle Formalisation of Rewriting, http://cl-informatik.uibk.ac.at/isafor/

systems. Kohl and Middeldorp [35] formalise van Oostrom’s

development-closed criterion [45], while Hirokawa et al. [32]

tackle a range of criteria focused on parallel critical pairs, in-

cluding decreasing diagrams [44]. Like us, they identify and

remedy small oversights in the paper proofs, highlighting

the value of formalising such intricate results. De Bruijn’s

theorem is not among the ones formalised in Isabelle/HOL.

7 Conclusion
This paper proposes a novel proof technique to prove conflu-

ence of parallel programs, which allows us to prove conflu-

ence for parallel systems where other approaches fall short.

Our method lifts a theorem developed by de Bruijn for ab-

stract rewriting systems to programs in modern actor-based

languages. We formalised de Bruijn’s theorem in Rocq, re-

solving minor bugs in the original paper proof en passant.

We further formalised the proposed proof technique for actor

systems and demonstrated its use on two families of systems

characterised by their call graphs and on a concrete example,

which shows the practical applicability of this technique. It

is highly interesting to extend the proposed proof technique

to further language features and classes of programs.

8 Data-Availability Statement
The artefact for this submission is available on Zenodo [30].

A Details on the Weak Confluence
Theorem: How to Obtain D7opt

We focus here on one particular lemma that states how to

obtain D7. It is one of the most complex proofs of the weak

confluence theorem. The former statement for this theorem,

from [19], is the following:

Lemma 3.8: Let 𝑚,𝑘 ∈ 𝐼 with 𝑘 < 𝑚. Assume

𝐶𝑅 ★ (𝑚), 𝐷5(𝑚), 𝐷6(𝑚) and 𝐷3(𝑚,ℎ) for all
ℎ < 𝑚. Then we have 𝐷7(𝑚,𝑘).

First, we proved this lemma in Rocq (approx. 100 lines).

When introducing possible optional steps, the proof is

similar except for the use of those optional steps:

Lemma D5opt_D6_and_D3opt_Implies_D7opt (m:I) (k:I):
k<m → CRStar m → D5opt m → D6 m →
(∀ h, h<m → D3opt m h) → D7opt m k.

With the new version the proof reaches 300 lines (but fac-

torised could possibly be improved with better abstractions

and more evolved tooling on composition of relations).

The proof is done by induction on 𝑘 and Fig. 13 sum-

marises the proof sketch. At the center is the general case

that performs the induction, when 𝑘 > 0 and when none all

the optional steps as conclusions of D3opt, D7𝑜𝑝𝑡 (𝑘 − 1,𝑚)
are indeed steps of level𝑚. On the right is shown the base

case of the induction, when 𝑘 = 0 that relies on D1. Finally,

on the left are shown two representative of the cases when

the optional steps are empty, these cases are when one of

http://cl-informatik.uibk.ac.at/isafor/
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Figure 13. Sketch of the proof for D7

the two D3opt diagram has no𝑚 step in its conclusions. Op-

tional steps induce several other cases to consider, simpler

than the two show n as illustration.

B About the Rocq Mechanisation
B.1 A Note on the Mechanisation of Peaks
Utilising de Bruijn’s proof requires closing the diagrams 𝐷1

and 𝐷2 for all possible peaks. However, many of these cases

close immediately. We implement generic tactics for these

cases. Given a peak 𝑐 ← 𝑎 → 𝑏 there are three easy cases:

1. There is no peak: if we can prove that 𝑏 = 𝑐 , the dia-

gram is closed by reflexivity. This is the case, e.g., if

the two steps are local steps of the same process.

2. The diamond closes immediately: if the two steps com-

mute because they act differently on the configuration.

This is the case, for example, if the two steps are local

steps of different processes.

3. The peak cannot exist in the first place. For example,

it is not possible for the same process to take two

different local steps from the same configuration.

These cases are solved by tactics (respectively)

(1) case_triangle, (2) case_square, and (3) case_impossible.

In each case, we implement the appropriate commutativity

lemma for both 𝐷1 and 𝐷2 peaks and use a simple tactic

to apply the correct version. They then generate the proof

obligations and automatically discharge the trivial ones.

These tactics allow us to write concise proofs like the

following snippet for the call(𝑡, 𝑡 ′)/call(𝑡0, 𝑡 ′0) case of 𝐷2.

is_eq t t0.
- case_triangle by triangle_call_call.

- is_eq t' t'0.
+ now apply delegate_delegate_D2.
+ now case_square by call_call_commute_diff.

Additionally, it is useful to compute the constraints for

a given peak automatically. For example, if one step is a

local computation at 𝑖 and the other is call step from 𝑗 we

know that 𝑖 ≠ 𝑗 . For this purpose we implement a find_abs

tactic. It can be used to find a contradiction after applying

case_impossible, but the constraints may also be useful to

prove e.g., equality of the two corners in a triangular case.

The tactic is implemented by defining a relation relG on

pairs of labels and sets of constraints, then proving that the

existence of a peak 𝑐
𝑙←− 𝑎 𝑙 ′−→ 𝑏 implies relG l l'.

B.2 Rocq formalisation excerpt: Applying the
amazing proof

De Bruijn’s proof makes the confluence proofs for our classes

of programs very short and sweet. Provided we have already

proven all the diagrams can be filled (no small task), the

proof itself is only a handful of lines!

Theorem Confluence_layered: Confluent
stepLayered_nolabel.

Proof.
unfold Confluent in *.
rewrite Nolabel_is_stepany.
apply CR_m_Implies_CR.
apply Amazing_layered.

Qed.
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